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Direction-of-Arrival Estimation Using a Sparse
Representation of Array Covariance Vectors

Jihao Yin and Tianqi Chen

Abstract—A new direction-of-arrival (DOA) estimation method is pro-
posed based on a novel data model using the concept of a sparse represen-
tation of array covariance vectors (SRACV), in which DOA estimation is
achieved by jointly finding the sparsest coefficients of the array covariance
vectors in an overcomplete basis. The proposed method not only has high
resolution and the capability of estimating coherent signals based on an
arbitrary array, but also gives an explicit error-suppression criterion that
makes it statistically robust even in low signal-to-noise-ratio (SNR) cases.
Simulation experiments are conducted to validate the effectiveness of the
proposed method. The performance is compared with several existing DOA
estimation methods and the Cramér–Rao lower bound (CRLB).

Index Terms—Array signal processing, convex optimization, direc-
tion-of-arrival (DOA) estimation, sparse representation.

I. INTRODUCTION

Direction-of-arrival (DOA) estimation of far-field narrowband sig-
nals has been of interest in the past few decades [1]. Many DOA esti-
mation techniques, such as subspace-based methods like MUSIC [2],
[3], ESPRIT [4], [5], and their derivatives, have been proposed, based
on some parameterized array data models with a few deterministic and
stochastic assumptions. Concerning a parametric estimation problem,
how to model observation data is so crucial that different data models
usually lead to estimators with different performance. In the subspace-
based methods, array data (raw or preprocessed) is often treated as a
linear combination of the array steering vectors of signals plus noise.
This is a natural but not unique data-modeling approach. Recently,
sparse-representation-based DOA estimation methods, such as [6]–[8],
provide another interpretation of array data by sparsely representing
array data in an overcomplete basis, stressing the fact that the DOAs of
signals are usually very sparse relative to the entire spatial domain. In
this way, the estimation problem is put in a model-fitting framework in
which DOA estimation is achieved by finding the sparsest representa-
tion of the data. In [6] and [7], the vector formed by the array beam-
former outputs and the first column vector of the array covariance ma-
trix are, respectively, considered as the sparsely represented data by a
DOA estimator called the global matched filter (GMF). In contrast, the
method called ��-SVD in [8] addresses the DOA estimation problem
by sparsely representing the signal-subspace by the left singular vec-
tors. These methods have shown some salient characteristics, such as
high resolution and the capability of estimating coherent signals for an
arbitrary array. However, it is challenging in general to determine the
regularization parameters involved in these methods. In [6], a value of
the regularization parameter is suggested to make GMF robust, since
its precise value is difficult to obtain. On the other hand, the regulariza-
tion parameter in [8] is determined by the discrepancy principle, under
the assumption that the signal-to-noise ratio (SNR) is moderately high,
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and otherwise in low SNR cases is determined by resorting to a simu-
lation-based approach.

In this paper, we introduce the idea of a sparse representation of
array covariance vectors (SRACV) and propose a new DOA estima-
tion method called ��-SRACV. The DOA estimation is achieved by
jointly finding the sparsest coefficients of the array covariance vectors
in an overcomplete basis. The proposed method, in addition to having
the estimation characteristics stated above, gives an explicit error-sup-
pression criterion to make it statistically robust, provided that the size
of data samples is sufficiently large. The performance of the proposed
method is verified by simulations, and is also compared with those of
several existing DOA estimation methods as well as the Cramér–Rao
lower bound (CRLB).

II. DATA MODEL AND SPARSITY MEASURE

Assume that � far-field stationary and narrowband signals impinge
on an array of ����� sensors from direction angles ��� � ���� ��� � � � �
�� �, which are corrupted by additive circular complex Gaussian white
noise. The signals are uncorrelated with the noise. The array output is
expressed as

���� �

�

���

���������� � ����

����������� � ����� � � 	� 
� � � � � � (1)

where ���� � ������� ������ � � � � ������
� is a zero-mean signal vector,

���� is the transpose operation, ���� is a noise vector with zero-mean
and covariance matrix 	��� , � is the number of data samples, and
������ is the � � � array manifold matrix, whose 
th column is the

th signal array steering vector

����� � 	� �� � � � � � �� �

� � � � ��
�

(2)

where � is the carrier frequency of the signals, �� the distance be-
tween the �th sensor and the first sensor, and � the velocity of propa-
gation. The array covariance matrix is given by

� � � ��������� � ���������
������ � 	

�
�� (3)

where �� � ������������ is the signal covariance matrix, and
���� and ���� denote the expectation and the conjugate transpose,
respectively.

Consider each column (i.e., the array covariance vector) of � in (3).
According to linear algebra theory, it can be linearly represented by
any complete basis in the� -dimensional complex vector space. Given
the overcomplete basis ��������

�

���
�� � �� where �����

�

���
are

specified directions sampled in the spatial domain, e.g., from �90� to
90� with 1� spacing, we can remodel the �th column of � as

�� � � ������������ � �������	� � 	
�
��� � � 	� 
� � � � �� (4)

swhere ���� is the complex conjugate operation, ������� �
��������������� � � � � ������� is the � � � array manifold matrix,
	� is the ��	 representation coefficient vector in terms of the above
overcomplete basis, and the error term �� is an��	 vector with 1 in
the �th entry and 0 elsewhere. Since ������� has a nontrivial nullspace,
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many candidates of �� can be found to fit �� well. To eliminate this
diversity, sparsity of the signals relative to the whole spatial domain
should be imposed. If ��������� are dense enough, some � vectors

in ������������ can be expected to be very close (or even equal) to
�����������, so an ideal �� should be the vector with all elements
zero except for the � elements associated with these � basis vectors,
i.e., an ideal �� has a sparse structure (or say, nonzero pattern) related
to the DOAs of the signals. If we write the model in (4) in matrix form
as

� � ��������� �
�
�� (5)

where � � ������� � � � ��� �, it is clear that the ideal ��������

should share the identical sparse structure, i.e., the nonzero elements of
each ideal�� should appear in the same rows of�, due to the invariant
column order of the basis vectors close (or even equal) to �����������

in �������. Then, by introducing a vector �� � ����� �
�
�� � � � � �

�
��
� with

the �th element ��� equal to the 	�-norm of the �th row of �, i.e.,

��� � �������� � � �
��� �

�
���

���
, we find that knowledge of the

ideal �������� sharing a specific sparse structure can be coherently
described by �� with the same sparse structure. Thus, seeking a suf-
ficiently sparse �� will make �������� consistently fit �������� as
sparsely as possible in a manner such that all the elements in a row
of � tend to be zero or nonzero simultaneously. Accordingly, �� cap-
tures the sparsity property of �������� in the overcomplete basis, and
owing to this, we define �� as a sparse representation of array covari-
ance vectors (SRACV). As a result, DOA estimation based on (5) can
be equivalent to finding a sufficiently sparse ��, provided that the error
term ��

�� is well suppressed. Once �� is obtained, the DOA estimate
is determined from its sparse structure by plotting it on the grid of di-
rection samples.

An appropriate criterion of measuring the sparsity of �� is crucial to
DOA estimation. A natural sparsity measure of a vector is a count of its
nonzero entries, but this is mathematically intractable. More operable
criteria have been proposed, such as 		-norm �� � 
� [9]. Herein,
the 	�-norm, defined by ���� � 
 ��
� where ��
� is the modulus
of the 	th element of �, is adopted as the sparsity measure since it has
been proved that not only is it equivalent to the above natural measure
and stable in noisy data cases (see [9] and references therein), but also
facilitates efficient solution of (5) in a convex optimization framework,
whereby a global optimum is usually guaranteed [10]. Regarding the
sparsity of a vector, it is clear that the sparser a vector, the smaller its
	�-norm value. We call our method of seeking a sufficiently sparse ��

using the 	�-norm 	�-SRACV.
Remark A: The DOA estimate based on the model (5) involves no

knowledge of the rank of ��, and therefore leads to a capability of es-
timating both uncorrelated and coherent signals for an arbitrary array,
without any decorrelation procedure (to restore the rank of ��� that
is usually confined to special array geometries, such as uniform linear
arrays (ULAs), and is often at the cost of array aperture loss. Also,
the derivation of (5) indicates that the estimation accuracy will be lim-
ited to the grid resolution of direction samples. This limitation is in-
herent in the discrete approximation of the spatial continuum, and can
be well alleviated by adaptive grid refinement [8]. Besides, note that the
	�-norm of �� in effect induces the 	��� mixed norm for the elements
of �, which falls into the basic framework of “structured sparsity” or
“group lasso” (see, e.g., [11]) that can enforce sparse representations of
��������, as compared with the treatment of considering the	�-norm
of each �� independently. In addition, if the noise in (1) is assumed
to be colored, a prewhitening procedure (see [12]) needs to be intro-
duced beforehand, the detailed analysis of which, however, is beyond
the scope of this paper.

III. DOA ESTIMATION

It follows directly from the exposition in Section II that DOA es-
timation based on (5) can be formulated in the following constrained
optimization form

��
�

�����
������� ��� � ��������� �

�
�� 
 (6)

In practice, the unknown � can be consistently estimated by �� �
������ ���	


� � � �� where �� � �� � � is the estimate

error whose vectorized form satisfies (see [13] for details)

������� � ��� 	�



�
�
� �� (7)

where ����	� denotes the stack operation, placing in order, the columns
of a matrix on the top of one another, ������ ��� denotes the asymp-
totic normal distribution with mean � and variance ��, and � is the
Kronecker matrix product.

An immediate consequence of substituting �� for � is that the
equality constraint in (6) collapses due to ��. In such a case, the
distribution knowledge of ������� in (7) indicates that the DOA
estimation problem can now be described as seeking the sparsest
�
� while fitting the “data” ���� ��� to its data model [the vectorized

version of the constraint in (6)] best in the weighted least-squares
sense (also regarded as a large-sample approximation to the maximum
likelihood criterion; see [13]), i.e.,
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�
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�



��


��� ������������ �
�
�� � ������ (8)

or equivalently
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�
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�
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�

�
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where the weighting matrix 
�� is the inverse of the asymptotic co-
variance matrix of �������,
� �

�
��� ��� is the Her-

mitian square root of 
��, the regularization parameter  balances
the sparsity of �� and the data-fitting error, and its ideal value is an
important factor in correctly solving (8) or (9). As stated in [8], it is, in
general, difficult to directly determine  in a formula that is the same
as or similar to (8) or (9). Below, we derive a more tractable formula
for DOA estimation that gives an explicit criterion to suppress the error
��, provided that � is sufficiently large.

From (7), it can be deduced that



� ��� ������������ �

�
�� � ����	� �� � (10)

which directly results in



� ��� ������������ �

�
��

�

�
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where �������� denotes the asymptotic chi-square distribution with
�� degrees of freedom. We introduce a parameter � in (11) such that



� ��� ������������ �

�
��

�

�
� � (12)

with a high probability 
� �, where � is small. In general, it is enough
to set � � �
��
 to determine the value of � [its Matlab-based calcula-
tion is via the function �������
 � �����], which makes the above
inequality robustly hold for an arbitrary array, with probability 0.999
(nearly a sure event).
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Combining the above derivation and analysis, we get a statistically
robust and more tractable formula for DOA estimation as follows

���
�

�����
�����	
 
� �

� ��	 ��� �����

���

�� ������� ��	��
�

� �
�� (13)

The error-suppression criterion in (13) is a square root version of (12),
where the identity [14, T2.13] is used; further with [14, T2.4] and
��� �

�
� ��� � ��� ,�� ��	 �������� and�� ����

������� can be expressed as ��	�
�
� ���  �� � ����� ��� � and�

� ��� � � ��� �������, respectively. A maximum likelihood
estimate (denoted by ���� of �� is given by the average of the � ��
smallest eigenvalues of ��, which needs accurate knowledge of the
number of signals. Without this knowledge, a somewhat underes-
timated ��� is given by the minimum eigenvalue of �� under the
assumption that � � � . This underestimated error is a compromise
due to lacking knowledge of the number of signals. The error-sup-
pression criterion in (13) can tolerate this underestimated error well,
and lead to a statistically robust DOA estimate, provided that � is
sufficiently large. For a given array, the parameters that can be tuned
in this criterion are � (implicitly on its left-hand side) and �. Our
experience shows that compared with their respective regular settings
suitable for a wide range of SNR, e.g., SNR is greater than about �16
dB, a moderate increase of � alone or together with a suitable increase
of � can enhance the robustness of the DOA estimate in very low
SNR cases.

The DOA estimation in (13) can be efficiently worked out in the
second-order cone (SOC) programming framework [10], [15]. To for-
mulate (13) in the standard SOC programming form, the objective func-
tion in (13) is first expressed as an inequality constraint ����� � 	
where 	 is an auxiliary variable. This inequality is further equivalently
transformed into a set of SOC constraints by recalling that each ele-
ment of �� is the ��-norm of a row of �. In this way, we have

���
�����

	

�����	
 
� ��


 � 	� ������� � 
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�
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where � is a  � � vector of ones, 


 is a vector with the �th ele-
ment 
� � ������� is the �th element of �� as stated in Section II,
� � ��� ��	 ��� ������, and ��� � ��� ��� ��������. Note that
before the calculation of (14), a renormalization procedure is needed
for each column of ���, which, as done in [6], [7], is normalized to 1
in the ��-norm, in general, since an unnormalized overcomplete basis
relative to ��	�� has an adverse effect on computing its correct sparse
structure. Equation (14) can be calculated by SOC programming soft-
ware packages such as SeDuMi [16] and CVX [17]. The DOA esti-
mates are then obtained by plotting ��, solved from (14).

Remark B: Equation (8) can be viewed as an optimal covariance
matching problem in the sparse representation framework since its
first term is in line with the scheme of the covariance matching
technique [13]; also, the form of (9) is similar to the elaborate
version of GMF in [7], where the first column of � is considered.
Regarding the computational complexity of ��-SRACV, the calcula-
tion of ��, its eigenvalue decomposition (EVD), and ��� requires
����� � ����; the construction of � and ��� in (14) via ���

requires ���� � ���� � ����; and solving (14) requires
����� [15]. Therefore, the computational cost of ��-SRACV is
mainly in solving (14), and is somewhat higher than those of GMF [6],
[7], ��-SVD [8], and many subspace-based methods, such as MUSIC,

Fig. 1. Spatial spectra for MUSIC and � -SRACV.

where the main complexity is in calculating the array covariance
matrix and its EVD. However, the advantages of ��-SRACV outweigh
the cost of additional computation: ��-SRACV can be carried out
without relying on knowledge of the number of signals, can handle
coherent signals for an arbitrary array without any decorrelation
preprocessing, and presents an explicit error-suppression criterion that
makes it statistically robust even in low SNR cases.

IV. SIMULATIONS

In this section, the performance of ��-SRACV is investigated, and
compared with those of MUSIC, TLS-ESPRIT [5], and ��-SVD, as
well as the stochastic Cramér-Rao lower bound (CRLB) [18]. To pro-
vide a bound for the SNR threshold phenomenon, which is not captured
by the CRLB, the stochastic maximum likelihood estimator (MLE)
[18] is also included. The simulations are based on an 8-element uni-
form linear array with half-wavelength element spacing, however, the
extension of ��-SRACV to an arbitrary array is straightforward. In the
simulations, �� � �. � � ��� except for the last test example. �
is chosen by setting � � ����� when the SNR is greater than �16 dB
and � � ������� otherwise. The direction grid is set to have 180 points
sampled from ���� to 90� with 1� intervals.

Consider four equal-power signals that arrive from [����, ����,
15�, 40�]. The first signal and the fourth signal are coherent, but un-
correlated with the other two uncorrelated signals. The coherence co-
efficient of the first two signals is fixed at � !������. The SNR of
all four signals is set to 0 dB. The forward/backward spatial smoothing
(see [1] and references therein) is applied for MUSIC to decorrelate the
coherent signals, using a 5-element smoothing subarray. For fair com-
paration, only the data of the first 5 elements of the array is used by
��-SRACV. Fig. 1 shows that ��-SRACV has higher resolution than
that of MUSIC, and succeeds in estimating both uncorrelated and co-
herent signals without requiring the decorrelation procedure. Also, this
example indicates that ��-SRACV can estimate � � � signals via an
� -element array.

The bias of ��-SRACV introduced by using the sparse representa-
tion, as reported in [6]–[8], is now examined in terms of the angular
separation between two signals. Assume two equal-power uncorrelated
signals arrive from �� � ���� and �� � ���� � "�, respectively,
where "� is varied from 1� to 100� in 1� steps. The SNR is set to 0
dB. The bias curves in Fig. 2 are obtained via 100 independent trials,
and indicate that, under the test condition that the DOAs of the signals
are just in the direction grid, ��-SRACV tends to become unbiased
when "� is greater than about 15�. In cases when "� is less than 15�,
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Fig. 2. Bias of � -SRACV versus angular separation.

Fig. 3. MSEs of two uncorrelated signals versus SNR.

the inherent bias can be reduced or even eliminated by some corrective
means, such as the adaptive grid refinement in [8].

We now evaluate the mean-square error (MSE) of ��-SRACV
for different SNRs. Two test scenarios are considered, depending on
whether the signals are coherent or not.

For the coherent case, two well-separated equal-power signals from
[�16.67�, 42.83�] are considered to lead to an unbiased ��-SRACV
for fair comparation with the CRLB. The adaptive grid refinement
method in [8] is adopted for ��-SRACV and ��-SVD to alleviate
the limitation of the direction grid. The number of iterations in the
grid refinement is set to 5, where a 31-point locally uniform grid is
distributed symmetrically around each spectral peak, with spacing
initialized to 0.81�, then in each successive iteration, shortened by
one-third. The same decorrelation procedure as above is done for
Root-MUSIC and TLS-ESPRIT in the coherent case. The MLE is
initialized to the true DOAs of the signals. The SNR is varied from
�20 dB to 20 dB in 2-dB steps.

The statistical results obtained via 200 independent trials are shown
in Figs. 3 and 4 for incoherent and coherent signals, respectively. These
two figures indicate that among the tested methods, the ��-SRACV
SNR threshold is the lowest, compared to MLE, i.e., about �14 dB
and �10 dB, respectively. Moreover, the MSE curves of ��-SRACV

Fig. 4. MSEs of two coherent signals versus SNR.

Fig. 5. MSEs of two uncorrelated signals versus the number of data samples.

agree very well with the CRLB, when the SNR is above the threshold.
The statistically robust behavior of ��-SRACV is confirmed by these
results. In addition, the performance degradation of the tested sub-
space-based methods and ��-SVD in the coherent case, due to array
aperture loss (caused by the spatial smoothing) and the decrease of
the available signal-subspace singular vectors, respectively, can be ob-
served in Fig. 4.

We close this section by examining the impact of the size of data
samples on the validity of the error-suppression criterion in (13). Con-
sider two uncorrelated signals arriving from [�16.67�, 42.83�], where
the SNR is fixed at 0 dB, the number of data samples is varied from 50
to 1000 in steps of 50, and the rest conditions are identical to those
above. Fig. 5 shows that compared to the other tested methods, the
performance of ��-SRACV is more sensitive to small data samples,
sharply degrading when the number of data samples is less than about
100, but coincides with the CRLB well when the number of data sam-
ples is over about 300. This result verifies the validity of the error-sup-
pression criterion derived under the large-sample-size condition.

V. CONCLUSION

In this paper, we have proposed a new high-resolution DOA esti-
mation method based on a sparse representation of array covariance
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vectors in an overcomplete basis. The proposed method can estimate
both uncorrelated and coherent signals for an arbitrary array, without
any decorrelation preprocessing. The proposed method also gives
an explicit error-suppression criterion under the large-sample-size
condition, which makes it statistically robust even in low SNR cases.
The simulation results have quantified the improved estimation per-
formance of the proposed method.
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Real-Valued Fixed-Complexity Sphere Decoder for High
Dimensional QAM-MIMO Systems

Chengwei Zheng, Xuezheng Chu, John McAllister, and
Roger Woods

Abstract—The development of high performance, low computational
complexity detection algorithms is a key challenge for real-time mul-
tiple-input multiple-output (MIMO) communication system design. The
fixed-complexity sphere decoder (FSD) algorithm is one of the most
promising approaches, enabling quasi-ML decoding accuracy and high
performance implementation due to its deterministic, highly parallel
structure. However, it suffers from exponential growth in computational
complexity as the number of MIMO transmit antennas increases, crit-
ically limiting its scalability to larger MIMO system topologies. In this
correspondence, we present a solution to this problem by applying a novel
cutting protocol to the decoding tree of a real-valued FSD algorithm.
The new real-valued fixed-complexity sphere decoder (RFSD) algorithm
derived achieves similar quasi-ML decoding performance as FSD, but with
an average 70% reduction in computational complexity, as we demonstrate
from both theoretical and implementation perspectives for quadrature
amplitude modulation (QAM)-MIMO systems.

Index Terms—Fixed-complexity sphere decoder (FSD), multiple-input
multiple-output (MIMO), signal detection, sphere decoder.

I. INTRODUCTION

Multiple-input multiple-output (MIMO) systems represent the
cutting edge of wireless communication technology, offering superior
throughput, diversity gain and multiuser capacity when compared to
single antenna systems [1]. The exponentially increasing complexity
of the ideal maximum-likelihood (ML) receiver detection scheme [2]
has prompted the development of a number of suboptimal detector
algorithms that are more suited to real-time implementation of MIMO
systems with high order quadrature amplitude modulation (QAM).
The sphere decoder (SD) [3] has been proposed in this context, due
to its capability to obtain optimal performance with much lower
complexity than ML.

Despite this, few SD schemes lend themselves easily to high
performance real-time implementation, since most have nondeter-
ministic data dependent behavior [3], [4], or huge complexity when
close-to-ML performance is required [5]. The fixed-complexity sphere
decoder (FSD) [6] is a notable exception, offering deterministic
behaviour, quasi-ML decoding performance and a highly parallel
structure, which is ideal for real-time implementation. However, it
suffers from a critical drawback: Its complexity grows rapidly with
the number of transmitter antennas, rendering it impractical for larger
MIMO systems. Since FSD currently represents one of the lowest
complexity SD receiver algorithms in existence, this represents a
major looming problem for the design of next-generation embedded
MIMO receivers. In this correspondence, we present a novel FSD

Manuscript received October 27, 2010; revised February 06, 2011 and May
23, 2011; accepted May 23, 2011. Date of publication June 09, 2011; date of
current version August 10, 2011. The associate editor coordinating the review of
this manuscript and approving it for publication was Dr. Tong Zhang. This work
is funded by the U.K. Engineering and Physical Sciences Research Council
(EPSRC) Islay Research Project (EP/F031017/1).

The authors are with the Institute of Electronics, Communications and Infor-
mation Technology (ECIT), Queen’s University Belfast, Belfast BT3 9DT, U.K.
(e-mail: czheng01@qub.ac.uk; xchu01@qub.ac.uk; j.mcallister@qub.ac.uk;
r.woods@qub.ac.uk).

Color versions of one or more of the figures in this correspondence are avail-
able online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TSP.2011.2159213

1053-587X/$26.00 © 2011 IEEE


