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Abstract 
 

In this paper, we developed a novel version of PM-
Root-MUSIC algorithm for uniform circular array 
(UCA) in order to avoid the performance degradation 
of DOA estimation when the number of elements in 
UCA is small. Based on the manifold separation 
technique (MST) and propagator method (PM),a 
beamspace DOA estimation algorithm for UCA was 
proposed. This method requires no eigen-
decomposition calculation, therefore reduce the 
computational load significantly, and provide close to 
CRB performance even applied to UCA with limited 
number of elements. 
 
1. Introduction 
 

In smart antenna and radar, sonar and navigation 
applications, the direction-of-arrival (DOA) is of great 
interest of obtaining high performance radio system. 
Benefit from the circular symmetry, UCAs have almost 
uniform performance regardless of the angle of 
azimuth so that they are attractive in antenna array 
configurations. Several DOA estimators for UCA, such 
as UCA-RB-MUSIC[1], UCA-PM-MUSIC [2], 
employ some model transform, e.g. beamspace 
transform (BT) based on phase-mode excitation 
principle [3]. These transforms map the steering 
vectors of the UCA into the steering vectors of the 
ULA-like (uniform liner array) virtual array, with an 
approximated Vandermonde structure. However, all 
these algorithms require a sufficiently large number of 
antenna elements to avoid spatial aliasing and mapping 
errors that may cause error floor and excess variance 
[4]. Manifold separation technique (MST) [5] shows an 
alternative method to map the array steering vectors to 
a Vandermonde structured virtual array with a 
significantly smaller fitting error than BT. Some recent 
algorithms [6,7] based on MST extend Root-MUSIC to 
UCA and arbitrary array configurations DOA 
estimation of the sparse UCA also was discussed in [8] 

by developing a novel beamspace transform based on 
the phase-mode excitation principle. The propagator 
method (PM) presented in [9] is a subspace estimator 
without eigen-decomposition. Therefore, it require less 
computational load. In [2], PM was introduced to UCA 
by employing BT and provides the similar 
performance with UCA-RB-MUSIC when the number 
of elements is large enough.  

In this paper, we develop beamspace PM-Root-
MUSIC based on MST for dealing with UCA of a 
small number of antennas. The proposed method 
provides a low complexity (search-free and no eigen-
decomposition) DOA estimator and reduce the bias 
and excess variance caused by BT and PM to have    
the performance close to CRB. 
 
2. Signal model 
 

Consider a UCA consisting of N sensors distributed 
over a circle with radius R , There are K ( K N< ) 
uncorrelated narrow-band signal sources with λ as 
wavelength impinging on the antennas array. The 
elevation and azimuth angles are iφ and iθ  
(i=1,2, K)  respectively. And it is assumed that 
T snapshots are observed. Then the received signals of 
UCA can be written as: 

(t) (t) (t)= +X AS n                    (1) 
Where K T(t) ×∈S is the source matrix, N K×∈A is the 
steering vector of the array, N T(t) ×∈X is the element-
space data matrix and N T(t) ×∈n is the noise matrix. 
The noise is modeled as a stationary second-order 
ergodic, zero-mean spatially and temporally white 
circular complex Gaussian process. 

The steering vector of array may be written as: 
K[ ( ), ( ), ( )]= 1 2A a θ a θ a θ , 

where each column is defined as: 
i i 0 i i 1i i 1cos( ) cos( )cos( )

i( ) [ , ]ζ φ γ ζ φ γζ φ γ −− −−= Nj jj Te e ea θ    (2) 
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Here i i i[ , ]ζ φ=θ and i 0 isinζ θ= k r , k /λ π=0 2 is the 
wave number and n n / Nγ π= 2 is the sensor location.  
 
3. Beamspace transform 
 

The beamspace transform is done by employing a 
transform matrix H

eF based on the phase-mode 
excitation principle (see [1] for details). 

H H
e v=F C V                                     (3) 

Where { }M Mdiag j , , j , j , j , j− − − −= 1 0 1
vC , 

M MN[ ]= - 0V w w w  

Njm jmH
m [ ,e , ,e ]

N
γ γ −= 0 1

1 1w  

M denotes the maximum order of excited phase-mode 
and a rule of thumb [3] for determining M is 
M [k R]= 0 ,with [ ]• the ceiling operation. { }diag •  

denotes a diagonal matrix. ( )H• stands for the conjugate 
transpose. 

Then the beamspace manifold can be written as: 
H

e( ) ( ) N( v( ) ( ))ζ φ φ= = +b θ F a θ J Δd        (4) 

Where { }M 0 Mdiag J ( ), , J ( ), , J ( )ζ ζ ζ ζ=J , 
jM j j jM T( ) [e , e , , e , , e ]φ φ φ φφ − −= … …1v  

[ , ]ζ φ=θ  and 0 sinζ θ= k r . 
The  mJ ( )•  is the bessel function of first kind with 

order m and ( )φΔd  is the residual term of phase-mode 
principle. 

It is clear that the residual term of phase-mode 
principle can be neglected when the number of the 
elements for UCA is enough [1,3]. However, the 
residual term ( )φΔd  may cause excess variance and 
error floor and degrade the performance of the DOA 
estimation when the number of elements is limited or 
UCA is sparse. 

 
4. Manifold separation technique 
 

The Manifold Separation Technique (MST) stems 
from the theoretical work in [5]. It decomposed the 
steering vectors of array N 1( )φ ×∈a  as the product of 
the sample matrix and a Vandermonde structured 
vector . 

On the MST the sample matrix can be calculated by 
the Effective Aperture Distribution Function (EADF) 
[7]. The EADF N Q×∈G is defined as the Q-point 
IDFT of the calibration matrix c( )φA [6]. Here, it is 
assumed that the cφ  is sampled uniformly. 

MST can be written as 

t( ) ( ) ( )φ φ Μ= +a G d ε                  (5) 

Where N
t

Μ×∈G is a submatrix of G that calculated 
by truncating the raw vectors of EADF   . 

j jj j T( ) [e , , e , , e , , e ]
φ φ φφ

Μ Μ
Μ

− −− − ×= ∈d … …
1 1

12 21  is a 
vandermonde structured vector. Observe that the 
modeling error ( )Με  decreases as the number of 

selected modes Μ  increases. So we can choose a large 
Μ  up to QΜ <  to achieve a significantly an accurate 
model ( )φa . 
 
5. Beamspace PM-Root-MUSIC based on 
MST 
 

In this section, we apply the manifold separation 
technique to PM-MUSIC for UCA. The same as [6, 7], 
it is assumed that the elevation angles are known. 

Consider the equation (16), the signal model 
equation (1) can be rewritten as  

t(t) (t) (t) (t)= + = +X AS n G DS n           (6) 

where tG is KΜ × matrix defined in 
(14), K[ ( ), , ( )]φ φ= 1D d d  and K, ,φ φ1  are the 
azimuth angles of the K sources impinging the array.  
The corresponding beamspace covariance matrix is  

{ }HE (t) (t)=R Y Y                          (7) 

Where H(t) Fe (t)=Y X  is the beamspace data vector. 
Equation (7) can be written as  

H H H H
t t e σ= + 2

eR F G DSS D G F I            (8) 
Apply PM to R , 

[  ]=R G H                                    (9) 
Where G is (2M 1) K+ × matrix and the dimension of 
H  is (2M+1 2M+1-K)×）（ . M denotes the maximum 
order of excited phase-mode .Then we can construct 
the linear operator 

+P = G H                               (10),  
where +G is Moore-Penrose pseudoinverse ofG . 
Let 

( M K)+ −

⎛ ⎞
= ⎜ ⎟−⎝ ⎠2 1

P
E

I
                        (11), 

where ( M K)+ −2 1I is identity matrix. We can also 
orthogonalize E as 

 H H( )−= 1
0E E E E E                       (12) 

to get better performance. According to [10], 
H H H

t =0 0eD G F E                         (13) 
Then we can express the spatial spectrum as 
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H H H H
t e e t

1( )
( ) ( )

φ
φ φ

=
0 0

P
d G F E E F G d

       (14) 

and Root-MUSIC can be applied to equation (14) for 
DOA estimation of UCA. 

The beamspace PM-MUSIC based on MST maps 
the element-space array manifold to the ULA-like 
virtual array without mapping error so that provides 
better performance than the traditional algorithms and 
requires less computational load. 
 
6. Simulations 
 

In the section, we present simulation examples in 
order to demonstrate the performance of the proposed 
method: beamspace PM-MUSIC based on MST. 
Consider a UCA consisted of N = 8 sensors, 
radius R / .λ= 2 6 . The number of snapshots was 
K = 256 and sample statistic computed from 200 
independent trails. The dimension of the beamspace 
transform matrix H

eF is NΜ × , where 2M+1Μ = , 
M=[k R] =0 3 , with [ ]• the ceiling operation. The 

number of modes for the MST was chosen as 14Μ =  

 
Figure. 1 Statistic performance of DOA estimation of 
sources ,φ = 10 80     

We also assume that all the signals are impinging 
the array at the same elevation n angle θ = 90 .Two 
incoherent narrow band sources located at ,φ = 10 80 . 

As shown in Figure. 1, the performance of PM-
MUSIC for UCA degrades more seriously than UCA-
RB- MUSIC when the number of elements is small. 
The proposed method provides much better 
performance than the algorithms applying BT close to 
CRB and has almost the same high resolution with 
element-space Root-MUSIC [6] which is a eign- 
decomposition based algorithm with MST.  
 

7. Conclusion 
 

In this paper, we discussed DOA estimation using 
uniform circular array with limited number of 
elements. We developed a novel version algorithm of 
PM-Root-MUSIC based on manifold separation 
technique for UCA with small number of elements. 
The proposed method avoids  excess variance and error 
floor caused by beamspace transform based on phase-
mode principle and estimates the DOA with low 
computational complexity (search-free and no eign-
decomposition) ,and then, the method provides high 
performance close to Cramer-Rao low bound. 
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